We study N = 2 spontaneous supersymmetry breaking at two different scales with matter fields in hypermultiplets charged under the gauge group that should involve at least two U (1) factors. Off-shell analysis is possible in the dual singletensor formulation of the hypermultiplets. Massless fermions can naturally arise from pseudo-real representations of the gauge group that allow a reformulation of the problem of chirality in N = 2 theories. The above properties are necessary ingredients towards constructing viable extensions of the Standard Model based on N = 2 supersymmetry. † On leave from CPHT
Introduction
Spontaneous breaking of N = 2 supersymmetry (SUSY) is an old subject [1] , but it has been comparatively less studied than the breaking of N = 1 SUSY. One reason for this disparity is that the breaking of N = 2 SUSY is quite constrained (with N = 2 Fayet-Iliopoulos (FI) terms playing a central role), while N = 1 SUSY breaking can occur in many different ways.
An important additional avenue for N = 2 SUSY breaking was discovered in [2] . Inspired by work on electric-magnetic duality [3] , the authors of [2] realized that one can deform an N = 2 abelian gauge theory by a superpotential term linear in the first derivative of the prepotential. Such a deformation is referred to as a magnetic FI term, and the resulting theory is invariant under a deformed N = 2 SUSY (current) algebra that allows partial breaking of N = 2 to N = 1 (thus evading a famous no-go theorem which applies only to the undeformed algebra).
There are many reasons to think that the short-distance theory describing our world may contain some sectors that are invariant under extended SUSY. For example, theories with extended SUSY naturally appear when one considers stacks of D-branes wrapping cycles in certain internal geometries. From a more bottom-up perspective, theories with gauge subsectors that have a remnant of N = 2 supersymmetry give rise to interesting phenomenological signatures [4] and may be important for describing new physics at the LHC (see e.g. [5, 6, 7, 8] and references therein).
In spite of this motivation, one major stumbling block for imagining that N = 2 plays an important role in short-distance physics is that the standard matter representations of N = 2 SUSY are non-chiral. Therefore, all the Standard Model (SM) matter particles would necessarily have mirror particles with the opposite internal quantum numbers. In order to try to overcome this obstacle, one could imagine constructing theories that spontaneously break the two supersymmetries at two widely separated scales and then hope that chirality could somehow be recovered in the low-energy theory. 1 Another interesting possibility is to use pseudo-real representations to construct hypermultiplets for the UV ancestors of phenomenologically-relevant matter fields that are naturally light, and then find a mechanism forcing heavy mirrors.
In this paper, we will focus mainly on constructing relatively simple models that break the two SUSYs at parametrically different scales (to our knowledge, the models we will describe below are the first models that break SUSY at two different scales). As we will see below, magnetic FI terms will play a crucial role in allowing this to happen. While our simple examples do not have a chiral spectrum in the low energy limit, we will also briefly comment on the possibility of using pseudo-real representations to construct theories with chiral spectra. We hope to use these tools and return to the question of whether or not one can reproduce the chiral spectrum of the SM in a future publication. 2 The paper is organized as follows: in section 2, we present our (minimal) model based on a U (1) × U (1) gauge group in detail. Using a single-tensor multiplet to describe the addition of some bifundamental matter fields, we argue that introducing the second U (1) gauge factor is necessary for our gauge theory with matter to be invariant under the deformed 1 One intriguing idea along these lines would be for the effective N = 1 theory below the first SUSY breaking scale and above the second SUSY breaking scale to undergo a non-chiral / chiral duality similar to the type discussed in [9] .
2 Previous attempts to build viable N = 2 supersymmetric extensions of the Standard Model are for example [10, 11, 12] . Their approach to the problem of chirality is briefly reviewed in section 5. supersymmetry algebra of [2] . In section 3, we investigate the properties of the vacua in the Higgs and Coulomb phases. After having discussed the structure of vacua, section 4 focuses on supersymmetry breaking. We will use expressions for the two potential goldstini in order to characterize partial SUSY breaking, and, especially, to show that the presence of magnetic FI terms allows the two supersymmetries to be broken at two different energies. In section 5, we will comment on the possibility of obtaining naturally light fermionic states in N = 2 theories and its role in the problem of chirality. We conclude in section 6. Throughout this note, we use the conventions of [13] .
2 Review of the model in N = 1 and N = 2 superspace Firstly we present the N = 2 supersymmetric model of interest in terms of N = 2 superfields in N = 2 superspace, where invariance under a second supersymmetry is manifest. Then we derive the more familiar expression of the action in N = 1 superfields.
The description of N = 2 gauge multiplets in ordinary N = 2 superspace is well-known. 3 However, it is also well established that an equivalent off-shell expression for hypermultiplets requires for instance the more involved harmonic superspace [15] . In the presence of abelian isometries, it is nevertheless possible to use the ordinary superspace for the single-tensor multiplet, which is dual to the hypermultiplet [16] .
Maxwell multiplet
We review our conventions for N = 2 superspace with the presentation of the gauge multiplet. We shall restrict ourselves to Abelian gauge theories. This is enough for the aim of this paper: the determination of the minimal ingredients that allow to build a N = 2 model with two distinct supersymmetry-breaking scales. Note that the electric and magnetic FI terms will play crucial roles in what follows. 4 An Abelian or Maxwell multiplet is described in terms of an N = 2 chiral superfield Z(y, θ,θ), with y µ = x µ + iθσ µθ + iθσ µθ . The set of Grassmann variablesθ,θ is associated with the second supersymmetry. A general chiral superfield can be expanded as follows in terms of N = 1 chiral superfields
It then describes 16 B + 16 F off-shell degrees of freedom.
A Maxwell multiplet is expressed in terms of N = 1 superfields as a chiral multiplet X = 1 2D 2 V ′ , where V ′ is an arbitrary real superfield, with a vector multiplet V or its supersymmetric field strength W α satisfying the Bianchi identity DW =DW . More precisely, the couple (V ′ , V ) is the N = 2 supersymmetric extension of the gauge field A µ , while (X, W α ) is its analog for the curvature 2∂ [µ A ν] .
The Maxwell multiplet contains 8 B + 8 F fields. Therefore, the general chiral superfield Z must be constrained [18] :
Note that the usual covariant derivatives D α andD α form a doublet of the SU (2) R automorphism group of the N = 2 supersymmetry algebra. These equations reduce the chiral superfield Z by imposing ω α = iW α , the supersymmetric field strength described above, Z = X and Φ Z = 0, leading to the final form of the Maxwell multiplet 5 W:
According to the expression of Z (2.1) and the previous constraints, the second supersymmetry variations of the Maxwell multiplet (X, V ) are obtained by analogy with N = 1 supersymmetry:
whereǫ is an anticommuting infinitesimal parameter. Gauge models are expressed in terms of a single holomorphic prepotential F(W):
In the second equality, we performed an integration by parts. 6 The N = 1 Kähler potential [13] K(X,X) and the gauge kinetic function f (X) are both defined in terms of the single holomorphic function F, as can be read from the second line above: 6) so that the Kähler metric g xx and the metric of the gauge kinetic terms h xx coincide 7 :
The form of the superpotential allowed by N = 2 supersymmetry is highly restricted. Only electric FI terms can be written [2, 19, 20] in (linearly) realized supersymmetry. Introducing FI parameters breaks the SU (2) R automorphism. One can choose the direction of this breaking (imagining the SU (2) R triplet of FI parameters as a three-dimensional vector) to fix some of the parameters to zero [2] . We will see that the coupling of the Maxwell multiplet to the single-tensor multiplet already selects some preferential direction. Hence we keep a general form of the FI parameters in the discussion here. The FI terms corresponding to the U(1) gauge multiplet W can be expressed as:
where ξ is real and e are complex parameters. Notice however [14] that the relation X =
2D
2 V ′ implies that the imaginary part of e is multiplied by the curl of a three-index antisymmetric tensor, and disappears from the action.
The most general superpotential compatible with a second linear supersymmetry is then linear in the superfield X. A more general possibility arises when one modifies the transformation laws (2.4) by a constant deformation [2, 19, 21, 20] . This deformation can be understood from the general expression of the chiral superfield Z (2.1). Instead of setting Φ z to zero, this superfield can be adjusted to a constant value without changing the field content of the Maxwell multiplet: Φ Z = − iu 2κ , with κ real and u a phase. The transformation laws (2.4) are therefore deformed as follows:
(2.8)
The deformation 1/κ only affects the gaugino λ and therefore can be seen as a shift of the auxiliary field D of W α . Partial SUSY breaking then originates from the presence of this deformation. The effect of the "electric" superpotential in (2.7) is to shift the auxiliary field of the magnetic dual theory [2, 22, 19, 21] . The parameter 1/κ is then the source of a magnetic FI term.
The general form of the gauge model invariant under the deformed variations (2.8) now becomes:
The gauge index a is introduced to take into account possible additional U (1) factors 8 . In addition the form of the metric of the kinetic terms now reads: h ab = ImF ab .
Single-tensor multiplet
The matter content of our model is first presented in terms of the single-tensor multiplet. This multiplet is composed by a N = 1 linear superfield L, satisfying D 2 L =D 2 L = 0, and a chiral superfield Φ. The field content of a linear multiplet is as follows [23] :
C is a real scalar, while b µν is a 2-form field. Notice that this representation of the (N = 1) supersymmetry algebra does not possess any auxiliary field and contains 4 B + 4 F off-shell degrees of freedom. We will see in the next section that this formulation of supersymmetric matter is well adapted for the description of the Higgs branch. In particular, the two-form plays the role of the would-be Goldstone boson (zero mode) absorbed by the gauge boson of a spontaneously broken symmetry.
Alternatively L can be written in terms of a chiral, spinorial multiplet χ α : L = Dχ +Dχ. Hence L is invariant under the supersymmetric gauge transformation [14] 
where ∆ is a real superfield. The main advantage of this formulation of the single-tensor multiplet is that it can be embedded in a N = 2 chiral superfield Y:
The N = 2 supersymmetric version of the gauge transformation (2.11) then becomes δY = −Ŵ, withŴ a Maxwell superfield. According to this, the chiral superfield Φ is invariant.
The manifestly N = 2 supersymmetric formulation of the single-tensor multiplet requires the introduction of a new chiral multiplet Y that can be set to zero with the help of the gauge transformation. For the Y component, we have
However, Y is needed for the N = 2 supersymmetry variations of the single-tensor multiplet (χ α , Φ) to forming a closed algebra without any additional gauge transformation [14] . Similarly to the Wess-Zumino gauge one can nevertheless partially fix the gauge in order to stay with the imaginary part of the highest component of Y only, a four-form field C µνρσ :
By a computation analogous to (2.4), one finds the following supersymmetry variations in both formulations
As the formulation (L, Φ) is gauge invariant, their transformation laws are independent of the chiral superfield Y .
There exists a very simple condition for the invariance of a kinetic action involving the single-tensor multiplet. The variations of L and Φ in (2.14) lead to the following result. An arbitrary real function H(L, Φ,Φ) characterizes a N = 2 supersymmetric model 15) if and only if it fulfills the Laplace equation [16] : H LL + 2H ΦΦ = 0.
Chern-Simons interaction and scalar tensor duality
So far we described the kinetic and self-interaction terms of the gauge and matter sectors of our model. We still need to present their interaction. The Maxwell and the single-tensor multiplets contain both a 2-form field, respectively given by F µν and b µν . One is thus left with the possibility to build a Chern-Simons interaction b ∧ F . Its N = 2 supersymmetric version is expressed in terms of the superfields W and Y as
The parameters g a are dimensionless gauge couplings associated to U (1) factors. Similarly to (2.9), the deformation must be taken into account to make this term invariant under the supersymmetry variations (2.8). In order that (2.16) characterize the interaction between a single-tensor and a Maxwell multiplets, invariance under the gauge transformations δY = −Ŵ, δW = 0 is also required. This leads to the condition u = ±i. The sign ambiguity can be absorbed in the definition of κ a . So we set u = i.
It is crucial to notice that the deformation leaves a dependence on the four-form field of Y . Even in the formulation involving the linear multiplet L, it cannot be cancelled. It will play an important role in a dual formulation of the model where the single-tensor multiplet is replaced by the hypermultiplet, as we shall discuss now.
The complete Lagrangian of the model in consideration 9 is made of (2.9), (2.15) and (2.16):
Due to the possibility of organizing all the fields in N = 2 chiral superfields, it is manifestly invariant under the N = 2 SUSY transformations (2.8) and (2.14). The rewriting of this action in terms of hypermultiplets turns out to be always possible [16] . However, the inverse duality transformation is only allowed when the hyper-Kähler manifold characterizing the target space of the matter sector [24, 25] possesses a U (1) (shift) isometry.
The duality consists in replacing the linear multiplet by a chiral superfield Φ ′ and its complex conjugateΦ ′ . The matter sector is then described in terms of a Kähler potential K(Φ ′ +Φ ′ , Φ,Φ) resulting from the Legendre transformation
where H is the function defining the kinetic action (2.15) and G is the solution of the equation
The V a -dependence comes from the Chern-Simons interaction. By performing the change of variable Ψ = exp Φ ′ , one recovers the usual formΨe −2gaV a Ψ. Therefore the dualization of the single-tensor multiplet indeed leads to a Kähler manifold 10 with a U (1) isometry generated by a holomorphic Killing vector. The action is now formulated in a more familiar way. However, the effect of the Legendre transformation is to impose the use of the equations of motion in order to verify N = 2 invariance.
Particular model with canonical hyper-Kähler manifold and U(1)×U(1) gauge group
So far we only specified that our model contains one N = 2 matter multiplet expressed as a single-tensor or a hyper-multiplet, and n U (1) Maxwell superfields. From now on, we restrict it by imposing that the Kähler potential be canonical:
We changed the notation of the two chiral multiplets of the hypermultiplet 11 : (Q 1 , Q 2 ). These two superfields transform under conjugate representations of the gauge group. Φ will instead be used only in the single-tensor formalism. The model dual to (2.17) with the particular Kähler potential (2.20) is thus given by
where m is a mass parameter. In the absence of gauge interactions, the mass term is the only superpotential compatible with (2.20) and N = 2 supersymmetry [26] . Ref. [27] provides an interesting geometrical interpretation of this result. The invariance of the action under N = 2 supersymmetry is checked by proceeding to the inverse duality transformation in order to obtain the function H(L, Φ,Φ). The dualization is done once an appropriate change of variable is performed [14] :
Then a Legendre transformation leads to the expression
It is now straightforward to verify that this function satisfies the Laplace equation, and this completes the proof of the (linear) supersymmetry invariance, since the superpotential term
Φ is invariant according to the transformation laws (2.14).
We want to show that the minimal value of n in order that (2.21) be invariant under the deformed supersymmetry is n = 2. Indeed several works [19, 21] pointed out difficulties in building a theory involving a hypermultiplet charged under a single U (1) and for which one supersymmetry is nonlinearly realized (spontaneously broken). This is understood as follows in our approach: the difficulties come from the Y-dependent term in the hypermultiplet formulation. The Lagrangian (2.21) depends linearly on the 4-form field and its equation of motion implies the constraint:
The field expansion of Q u is written as
The dependence of the non-dynamical fields is therefore completely cancelled. 12 In the presence of a single U (1), either the hypermultiplet is not charged (g = 0) and we are then back 13 to the model of [2] or the second supersymmetry is linearly realized (
Consistency of the equations of motion thus implies that the hypermultiplet be at least charged under two U (1) factors, and that magnetic FI terms be associated with these Abelian gauge groups. This result was first derived in [29] in the framework of harmonic superspace. We will then focus in this note on the minimal consistent case, that is a U (1) × U (1) gauge group.
Note that the N = 2 supersymmetry invariance of the Lagrangian (2.21) does not constrain the form of the electric and magnetic FI coefficients in the hypermultiplet formalism. In particular, κ a could be taken complex. However, as mentioned earlier, one can use the SU (2) R automorphism group, to eliminate some of their components. We want to preserve the restriction imposed by the single-tensor formalism and take κ a real while keeping e a complex. The duality transformation so performed corresponds to a choice of frame in the space of FI coefficients different from the one in the APT model [2] but equivalent.
Vacua of the model
We are now able to analyze the vacua of the model. We will proceed slightly differently for the Coulomb phase, where the U (1) × U (1) gauge group is preserved, and for the Higgs phase where the gauge group is broken. The Coulomb phase can only be studied in the hypermultiplet formalism, since it is defined by the vanishing of the vacuum expectation value (VEV) of the matter scalar fields: q u = 0. The field redefinition (2.22) is indeed illdefined at the origin. The single-tensor formalism can then describe only the Higgs branch. In fact, in this phase, the analysis turns out to be easier in the single-tensor formulation.
Coulomb phase
The relevant part of the Lagrangian (2.21) for the study of the vacuum structure is the scalar potential [13] :
where m ef f is a shortcut for the following expression,
while h ab is the inverse metric of the special-Kähler manifold [30, 31] of the gauge sector. The possible vacua of the theory correspond to points of the target space that are solutions of the stationarity conditions (minima of the scalar potential). These are given by the first derivative of V S with respect to the scalar fields of the model q u , u = 1, 2 and x a , a = 1, 2:
The auxiliary fields of the hyper-and the Maxwell multiplets, respectively F q u , F x a and D a , are expressed for vanishing fermions and gauge fields as
According to (3.4) , the resolution of the stationarity conditions is simplified in the Coulomb phase due to the vanishing of the matter scalar VEVs. The first two equations of (3.3) are trivially satisfied, while the third one can be simplified to
To proceed further with the analysis of the vacua, the prepotential F X 1 , X 2 must be specified. There is actually one particular case, where its precise form is not required. It corresponds to the vanishing of the expression in brackets above. We will show in section 4 that in such a vacuum supersymmetry is partially broken. 14 
Higgs phase
The hypermultiplet formulation (3.1), (3.3) and (3.4) is perfectly valid for the analysis of the Higgs phase, as well (on-shell). However, the resolution of the stationarity conditions is more illuminating in the dual theory. We recall the dual form of the Lagrangian (2.21):
Its field expansion shows that, while being equivalent to the model with a flat hyper-Kähler manifold, the kinetic terms of the matter fields acquire a non-trivial metric 15 :
14 Note that in the Coulomb phase D = 0 for non-vanishing ξ and thus N = 2 SUSY is always broken. 15 According to (3.6), L and Φ are of dimension 2, so are their lowest scalar components, C and φ. To have a dimensionless metric gCC = g φφ , one could introduce an arbitrary mass scale in the definition of the function (2.23). However one can check that this scale disappears in all physically relevant quantities. So for the sake of simplicity, we chose to not introduce it.
The inverse metric appears in the scalar potential (3.1), which now reads
The form of V S could be deduced without the full field expression (3.6). The change of variables (2.22) indeed implies the following relations between the different scalar fields: C = − q 1 2 + q 2 2 and φ = − √ 2iq 1 q 2 . Starting from (3.1) and imposing invariance of the scalar potential under this field redefinition, one easily recovers (3.8).
We now proceed along the same line of reasoning as for the Coulomb phase. The stationarity conditions are given by
The first two equations correspond, respectively, to the derivatives of V S with respect to C and φ. The scalar field expressions of the auxiliary fields now become
As already noticed, there is one auxiliary field less in comparison with the hypermultiplet formulation. This is the first simplification of the single-tensor multiplet formalism.
By inspection of the field redefinition described above, one finds that in the Higgs phase, C and φ cannot simultaneously vanish. Considering a generic choice of electric FI coefficients in (2.9), where both types are different from zero, one can simplify the system (3.9) by taking linear combinations of the equations. Multiplying the first line byφ, the second by C and then taking the difference, φ can be written in terms of C and x a . Putting the new relation together with the first and the third of (3.9), the stationarity conditions are rewritten as
where we assumed that g a h ab ξ b does not vanish. This is generically true. The two signs in the first line above correspond respectively to positive and negative values of C .
The last equation resembles (3.5) and thus same difficulties may appear in their resolution. The VEVs of the matter scalars C and φ only depend on x a . Inserting them in the third condition leads to a rather intricate system of equations. The only trivial solution is related to partial supersymmetry breaking as already pointed out in our discussion of the Coulomb phase.
There is a second advantage to work with the single-tensor formulation. The identification of the "would-be" Goldstone bosons absorbed by the gauge fields of spontaneously broken symmetries is made easier. In the hypermultiplet formalism, these are linear combinations of all scalars with coefficients determined by the Killing vectors of the Kähler manifold generating the broken symmetries. In the single-tensor formalism on the other hand, it turns out that this role is played by the 2-form field b µν . To see this, note that the relevant part of the Lagrangian (3.6) contains the terms involving the A µ and b µν kinetic terms and their interaction:
(3.12)
In the right hand side (RHS) above, we redefined gauge fields in order to obtain canonically normalized kinetic terms. An additional field redefinition is required to show how a mass term for the gauge fields appears:
leading to
(3.14)
The term in brackets can be set to zero by choosing the unitary gauge. The 2-form is indeed eaten by the gauge field A + µ which acquires a mass m 2
This becomes more manifest in the dual representation where the antisymmetric tensor is replaced by a (pseudo)scalar. More precisely, one replaces in (3.14) ε µνρσ ∂ ν b ρσ by a general vector field H µ and a Lagrange multiplier ϕ, interchanging equations of motion with Bianchi identities:
(3.15)
Integrating now over H µ (instead over ϕ), one obtains a more familiar form: 16) where the unitary gauge corresponds to choosing ϕ = 0.
One is thus left with a single massless gauge field A − µ , indicating that the gauge group U (1) × U (1) is broken to U (1). In order to break the full gauge group, one has to introduce a second single-tensor multiplet, or equivalently a hypermultiplet with different U (1) charges than the first one.
Goldstini and SUSY-breaking scales
Partial breaking of global supersymmetry may seem impossible at the level of the supercharge algebra. A quick analysis shows that as soon as one supersymmetry is broken, all are broken too [32] . A loophole to this argument [33, 2, 22, 19] is based on the presence of magnetic FI terms. When the second supersymmetry is deformed as we discussed in section 2, the supercurrent algebra develops a constant term proportional to the deformation 1/κ. The supercharges are therefore ill-defined and the previous argument cannot be applied. It is then not surprising that the existence of two different supersymmetry-breaking scales is related to the inclusion of a magnetic FI term in the action, as we will show below.
Goldstini
An efficient way for determining whether partial or full SUSY breaking occurs is to compute the two goldstini of the model, the fermionic Goldstone particles arising when supersymmetry is spontaneously broken, and check whether these two combinations of fermions are linearly independent. Should this occur, N = 2 supersymmetry is broken to N = 0. Otherwise, SUSY is only partially broken.
The expression of the two goldstini η 1 , η 2 is derived from the scalar dependence of the fermionic supersymmetry variations. These are given in appendix A. The ones relevant for the current purpose become on the vacuum: δχ u = √ 2ǫF q u , δψ x a = √ 2ǫF x a and δλ a = iǫD a for the first supersymmetry,
for the second (deformed) supersymmetry. The fieldsF q u are introduced in appendix A. We repeat their form here for self-completeness:
As pointed out in section 2, the deformation only acts on the second supersymmetry transformation of the gaugini λ a .
The two goldstini of our model are finally found to be given by
2)
The hyper-Kähler metric g uv is simply the trivial metric δ uv here. N 1 and N 2 are dimension two normalization constants such that the dimension of the goldstini be 3/2 like usual spin 1/2 particles:
Comparing the expressions of F q u (3.4) andF q u (4.1), one immediately observes that in our model δ uv F q uFqv = δ uvF q uFqv . The dependence on the hypermultiplets is then the same for both normalization constants. By inspection of the previous formulas, E is given by
This notation will turn out to be convenient for the expression of the two SUSY breaking scales below.
A verification of the form of the goldstini is to compute their mass. Using the fermion mass matrix given in appendix (A.9) and the stationarity conditions, one can easily see that they are massless. Notice however that the computation of the second Goldstino mass requires the constraint (2.24). In a single U (1) model with charged matter, this constraint cannot be satisfied as already discussed. In that case, while global N = 2 supersymmetry can be made manifest, the second Goldstino is massive. The origin of this super-Higgs mechanism in global supersymmetry and the connection to the non-dynamical four-form field C µνρσ was pointed out in [14] .
SUSY-breaking scales
The order parameter of N = 1 supersymmetry breaking is given by the VEV of the scalar potential, which can be interpreted as the square norm of the vector of auxiliary fields:
Another quantity that may play the role of order parameter is the variation of the Goldstino δη 1 . This must actually be equivalent to V S . The expression (4.2) can thus be alternatively verified by demanding that δη 1 depend only on the combination of auxiliary fields V S . According to the transformation laws (A.2), one finds:
The VEV of the scalar potential also characterizes the scale at which global supersymmetry is broken: Λ SU SY ∼ V S 1/4 . Computing it from the variation of the Goldstino is well adapted for the extension to N = 2 SUSY. One may expect two scales in this case, one for each supersymmetry. To see this, the variation δη 1 is generalized to a 2 × 2 matrix 16 δ i η j , i, j = 1, 2. Its eigenvalues therefore define the two supersymmetry-breaking scales:
One immediately sees that magnetic FI coeffcients 1/κ a play a crucial role in the lifting of degeneracy of the two scales 17 . In the absence of the deformation they become equal, as the 16 According to the notation of section 2, δ1 = δ and δ2 =δ. 17 To express these scales in the single-tensor formalism, one must simply replace the term guvF q uFqv by
action satisfies again the hypotheses of the no-go theorem that asserts that all supersymmetries are simultaneously broken. A trivial consequence is that the two SUSY-breaking scales are identical in that case 18 .
It is more illuminating to consider the two types of contributions E and
separately. According to (4.4) the first deals with the e a part of the electric FI coefficients, while the second takes account of the effect of ξ a . After having imposed a D-flatness condition, one finds
The form of E (4.4) only involves the real part of e a . Hence a possibility to get two widely separate scales is to impose E ≫ N 2 1 . In case the constants e a are imaginary, the two SUSY breaking scales become
In order to break partially supersymmetry, it is then not sufficient to introduce only imaginary electric coefficients e a in addition to the magnetic ones. Interpreting this statement in terms of triplets of FI terms, one finds that partial SUSY breaking is not possible when the electric and magnetic triplets are parallel 19 . This result was derived in [22] , where it has been shown that the modification of the current algebra is proportional to the cross product of these two types of vectors.
On a vacuum breaking partially supersymmetry one scale vanishes, since the two goldstini are linearly dependent and therefore the matrix δ i η j has rank 1. For example, in the case described by (4.8) each of the three terms in brackets must vanish due to the positivedefiniteness of the metrics g uv and h ab . Partial SUSY-breaking vacua are then specified by the VEVs
They are solution of the stationarity conditions (3.3). The prepotential F(X 1 , X 2 ) does not need to be fully specified to solve them because the term in brackets multiplying its third derivatives vanishes.
By comparing these VEVs with (4.2), we deduce that two possible relations between the goldstini arise: η 2 = ∓iη 1 . The supersymmetry preserved on the vacuum is generated by one of the two following combinations of supercharges: Q ± iQ. One can usually discriminate between the two linear combinations by imposing the positive-definiteness of h ab , which selects one of the two signs of D a in (4.9), respectively.
Toy model with two SUSY-breaking scales
As a step towards constructing a realistic N = 2 supersymmetric model, it is useful to allow the two supersymmetries to be broken at parametrically distinct energies. In many phenomenologically viable extensions of the SM [36] , one has to be broken at O(100) GeV, for stabilizing the electroweak scale and solving the hierarchy problem, while the other could be broken at a much higher energy, separated from the electroweak scale by several orders of magnitude.
We would like to investigate the intermediate regime
SU SY in a simple toy model. We make a detailed analysis of the Coulomb phase of our model (2.21) with a separable prepotential:
The non-abelian extension of this particular model was considered in [29] , where it was shown that under an appropriate choice of the relative sign of the FI coefficients, the vacuum in the Coulomb branch breaks partially supersymmetry. By making a different choice, we will show that supersymmetry is fully broken.
Using the ansatz (4.10) and restricting the model to imaginary e a , the stationarity conditions (3.5) reduce to:
These equations can generically be solved for given functions f a (X a ). The sign ambiguity in the imaginary part of these VEVs can be set by demanding that the special-Kähler metric h ab be positive-definite. In [29] , the sign of all terms ξ a κ a was chosen to be the same. Here we impose that the metric is positive-definite for opposite signs: (ξ 1 κ 1 )(ξ 2 κ 2 ) < 0. Without loss of generality, we take the + sign in the first line.
Thus the VEVs of the auxiliary fields become:
where we took into account the constraint (2.24). The VEV of the auxiliary fields F q u vanishes in the Coulomb phase. Inserting these results into the expressions of the supersymmetry breaking scales (4.6) gives
,
As discussed above the difference between the two scales is proportional to the deformation 1/κ 1 . In order for them to be well separated, one has to require for example:
Thereafter we will assume 20 that ξ 1 is much bigger than ξ 2 and the two gauge couplings are both either strong or weak.
One may expect that the system behaves at the intermediate scale
SU SY like in a phase breaking partially supersymmetry. Indeed, the two goldstini in the 20 Notice that we could also play with the relative strength of the two gauge couplings.
limit ξ 1 ≫ ξ 2 become:
(4.14)
In this limit the term proportional to ξ 2 can be neglected, leading to the same expression up to a phase. Thus, at an intermediate scale, the two goldstini effectively coincide.
One could also consider the mass spectrum in this limit to see whether and how fields are organized in N = 1 multiplets. The scalar and fermion masses are derived from the corresponding mass matrices (A.8) and (A.9), respectively. One has to take also into account the normalization of the gauge kinetic terms which involve the nontrivial metric h ab . Finally the gauge bosons A a µ are massless in the Coulomb phase. The full mass spectrum is summarized in the table below:
Square mass Field Square mass
where m ef f is defined in (3.2).
The mass splitting of the scalars q u with respect to the hyperini χ u confirms again that supersymmetry is fully broken on the vacuum. This Coulomb phase vacuum is stable only
| must be small compared to |m ef f | 2 if one wants to recover an approximate N = 1 mass spectrum at the intermediate energy scale Λ int . The spectrum in this limit is displayed in the right part of the table above, where the two goldstino expressions coincide following (4.14).
The matter fields can be embedded in N = 1 multiplets with respect to any combination of the two supersymmetries 21 . All gauge fields associated to the first (a = 1) U (1) factor can be arranged in N = 1 multiplets of the preserved supersymmetry Q + iQ, while gauge fields associated to the second U (1) (a = 2) are organized in N = 1 multiplets of the supersymmetry Q − iQ. Due to the separability of the prepotential (4.10), the two gauge sectors are decoupled and the model indeed possesses an effective N = 1 supersymmetry at the intermediate scale Λ int .
Notice that the separable prepotential (4.10) can be replaced by a more general function by introducing a coupling between the superfields X 1 and X 2 . As long as this coupling/deformation of the previous model remains small and can be treated perturbatively, the vacuum described above will remain stable, since all the scalar masses are strictly positive.
5 Comments on light fermions and pseudo-reality in N = 2 supersymmetric theories N = 2 theories exhibit many compelling features. The most impressive is probably the possibility to derive the exact non-perturbative dynamics of gauge models [3, 37] . Another interesting property of these theories is that the superpotential is tightly constrained in comparison with N = 1 supersymmetry where any holomorphic function is compatible with SUSY. For example Yukawa and gauge couplings are unified while one can only write FI terms in the gauge sector.
In spite of these advantages, N = 2 theories suffer the lack of chirality of their particle spectrum. Chirality manifests itself in the Standard Model with the property of quarks and leptons to belong to complex, not self-conjugate representations of the gauge group
In a N = 2 extension of the SM, quarks and leptons cannot be part of vector multiplets, since the adjoint representation is real. They are therefore embedded in hypermultiplets. In addition to a scalar partner, which is reminiscent from the first supersymmetry, each particle and sparticle has a "mirror" partner, which is in the conjugate representation. Any phenomenologically viable N = 2 extension of the SM must include a mechanism for recovering chirality. Different approaches have been proposed in the literature. In the context of string theory, chirality can emerge by appropriately choosing the compactification to a four-dimensional theory [38] . The second supersymmetry is generally broken at the compactification scale, although it may survive (at lowest order) in a subsector of the theory involving for instance gauge multiplets. A purely field theoretic mechanism consists in adding explicit SUSY breaking mass terms for the "mirror" fermions, in order to lift the degeneracy with SM particles [10, 11, 12] . These necessarily should arise via Yukawa couplings with the Higgs field breaking hardly N = 2. Moreover, in order to make the "mirror" fermions much heavier than their SM partners one is generally facing a strong coupling problem since the corresponding Yukawa couplings become large.
These two approaches do not deal with truly N = 2 supersymmetric models. In the former, supersymmetry is broken at the compactification scale, making the interpretation in terms of N = 2 multiplets difficult, while the second mechanism breaks also explicitly N = 2. Here, we want to stress one feature of hypermultiplets that may help to lift the degeneracy between SM fermions and mirrors, while keeping N = 2 invariance. When hypermultiplets belong to a pseudo-real representation of the gauge group, they also form a CPT self-conjugate representation [39, 26, 40] without the need for doubling the spectrum, i.e., in this case it has been shown that the following reality condition 22 can be imposed, implying again among other things that the number of real scalars is a multiple of four. C ab is the antisymmetric invariant metric of the pseudo-real representation 23 . It is crucial for consistency of these equations that C ab be antisymmetric. This formulation of the hypermultiplet finally possesses the same field content as two N = 1 chiral superfields. The property (5.1) does not allow to eliminate the mirror particles, but is nevertheless interesting as we discuss now.
When hypermultiplets are in real or complex representations, gauge invariant fermion mass terms are allowed. The expression χ α a ψ a α is indeed gauge invariant. However, when the condition (5.1) is satisfied, this quantity vanishes. This is a particular realization of a more general feature of pseudo-real representations, which states that their quadratic invariants are antisymmetric [40] . In other words, the singlet that appears in the tensor product of two pseudo-real representations R
corresponds to the antisymmetric tensor C ab . The immediate consequence of this property is that a N = 2 supersymmetric mass term can only be written for two different hypermultiplets. In a model with an odd number of multiplets, at least one is necessarily massless.
The occurrence of massless fermions in addition to the goldstini suggests a possibility of readdressing the problem of chirality towards a phenomenologically viable N = 2 theory. In the presence of naturally light fermions, the problem of chirality in N = 2 supersymmetry with pseudo-real representations consists in finding some N = 2 mechanism that selects quarks and leptons as these light states while making mirrors heavy. Keeping this in mind, it would be interesting to study whether a supersymmetric Grand Unified Theory can be built with pseudo-real representations. The simplest model deals with doublets of a SU (2) gauge group. In another non-trivial example 24 , hypermultiplets form a threefold antisymmetric tensor of SU (6). This is a twenty-dimensional representation. However, albeit this group has SU (5) as a subgroup, the 20 of SU (6) is not directly relevant for chiral model-building.
Conclusion
In this work we performed the analysis of the minimal ingredients required for global N = 2 supersymmetry to be sequentially spontaneously broken at two distinct scales. In order to evade the no-go theorem which ensures that all the supersymmetries are simultaneously broken, one has to introduce a deformation 1 κa in the realization of the second supersymmetry. This deformation induces magnetic FI terms and allows partial SUSY breaking. Several difficulties were pointed out in the generalization of this mechanism to theories with charged matter. To keep N = 2 invariance under control, we chose to express the action of our model in terms of chiral N = 2 superfields. While this is a standard way to describe Maxwell multiplets or their non-abelian generalization, an off-shell description of hypermultiplets requires the more involved harmonic superspace. One can however avoid it by working with singletensor multiplets, which are dual to hypermultiplets with associated U (1) (shift) isometries. Invariance under the deformed supersymmetry then introduces a term which linearly depends on a non-dynamical four-form field C µνρσ . Consistency of its equation of motion imposes a constraint on the coefficient it is multiplied by, which is proportional to the magnetic FI parameters 1 κa . This constraint can only be non-trivially satisfied if the hypermultiplets are charged under at least two U (1)'s. We then focused on the minimal model formed by one hypermultiplet with a canonical kinetic term, and two Maxwell multiplets with an arbitrary holomorphic prepotential.
We determined in this context the vacuum structure of our model. While the Coulomb phase can only be analyzed in the hypermultiplet formalism, the single-tensor formalism can also be used to describe off-shell the Higgs phase. The study of possible vacua simplified the computation of the two supersymmetry-breaking scales that were derived from the supersymmetric variations of the two goldstini δ i η j . As expected, according to the no-go theorem above, we found that their degeneracy is lifted only in the presence of a deformation. We discussed a particular toy example involving just two U (1)'s, one hypermultiplet charged under both of them, and a separable but non-trivial effective prepotential. By fine-tuning the FI coefficients, we showed that the two scales can be freely adjusted. We then analyzed the spectrum in an intermediate regime and found that the system behaves like in a phase of partially broken SUSY.
One interesting consequence of the breaking of global N = 2 supersymmetry in two steps is to help to reconcile "bottom-up" and "top-down" approaches to high energy physics. In the former, starting from the SM, N = 1 SUSY, if it is to be found at the LHC, provides an elegant and efficient solution to the problem of stabilization of the electroweak scale. In the latter, effective four-dimensional models originating from string theory often exhibit extended supersymmetry, at least in the gauge sector of the theory. If the two scales are of different orders of magnitude, the two behaviors are present. A drawback of the mechanism discussed in this work is the need for introducing by "hand" the electric and magnetic parameters. One may then try to generate these FI terms quantum mechanically instead of putting them in by hand (the resulting dynamical completion cannot be pure N = 2 Super Yang-Mills or another gauge theory with a linear anomaly multiplet [17] ; it would also be subject to the restrictions of [41] ). One interesting avenue would be to precisely relate the two SUSY-breaking scales computed in section 4 to the gravitini masses in supergravity models. One could then analyze the restrictions imposed by string theory on dynamically-generated field-dependent FI terms [42] in the four-dimensional effective N = 2 supergravity (SUGRA) theory.
At this point we are far from being able to assert that the SM can be extended to a viable N = 2 theory. It would be nevertheless worthwhile to put together the different features that we pointed out or reviewed in this note: supersymmetry breaking at two distinct scales and the presence of massless (matter) fermions in gauge theories involving pseudo-real representations to see if the situation improves.
A N = 2 supersymmetry in the hypermultiplet formalism
In this paper we proved the invariance of the Lagrangian (2.21) under N = 2 supersymmetry by first making this symmetry manifest using N = 2 superspace, and then by performing a duality transformation from the single-tensor formalism to the hypermultiplet one. One could straight verify its invariance by working with hypermultiplets in N = 1 superspace from the very beginning. The (linearly realized) N = 1 supersymmetry is then manifest, but the second one must be carefully checked. This approach was pioneered in [43] and more recently generalized in [44] .
For convenience we repeat the Lagrangian of our model:
As explained in detail the constraint (2.24) is crucial for supersymmetry invariance. It has already been applied to (A.1).
The transformation laws of the gauge and matter fields with respect to the first supersymmetry are [13] :
where the covariant derivative is given by D µ q u = ∂ µ q u + A a µ k a , k a = g a k and k is the triholomorphic Killing vector field of the U (1) isometry of the hyper-Kähler manifold [43] : k u = −i(q 1 , −q 2 ). The full expression of the auxiliary fields reads:
where Ω uv = ǫ uv is the 2-form defining the three complex structures of the hyper-Kähler manifold [43, 45] .
The second supersymmetry variations mix in this formalism different N = 1 superfields. For the gauge fields they were given by (2.8), while for the hypermultiplet they becomẽ
in the Wess-Zumino gauge.
The field expansion of these superfield transformation laws is given by:
(A.5)
The only new quantity compared with (A.2) isF q u . It is defined as
One can verify that these variations satisfy the supersymmetry algebra:
expansion of (A.1):
(A.9)
